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Abstract 
By generalizing the construction of complete sets of mutually orthogonal latin squares from affine 
planes, Mullen (1988) showed how to obtain complete sets of mutually orthogonal frequency squares 
from affine geometries. In this paper, the construction of a complete set of frequency squares not 
equivalent to an affine geometry is outlined. This set eliminates any hope of finding a straightfor- 
ward generalization of Bose’s equivalence between latin squares and aftine planes by means of 
frequency squares and affine geometries. 
1. Introduction 
In 1938 Bose [l] proved the equivalence of the existence of a complete set of n- 1 
mutually orthogonal latin squares (MOLS) and the existence of an affine plane 
of order n. Frequency squares are a natural generalization of latin squares in which 
some specified repetition of symbols occurs in each row and column, and affine 
geometries with dimension greater than two are an obvious generalization of affine 
planes. 
Significant evidence exists suggesting that an equivalence generalizing Bose’s 
may exist between complete sets of mutually orthogonal frequency squares (MOFS) 
and affine geometries. As an example the blocks of points obtained by taking the 
occurrences of each symbol in each frequency square of a complete set exactly match 
in size and number the nonrow and column hyperplanes of some affine geometry. 
Furthermore it follows from the orthogonality of the frequency squares that the 
number of points in the intersection of symbol blocks from distinct frequency squares 
agrees with that of the intersection of nonparallel hyperplanes in the same affine 
geometry. 
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In some sense the above evidence is circumstantial. A more compelling argument 
follows from Mullen’s 143 construction of complete sets of MOFS using linear 
equations over a finite field F,. His equations are exactly those defining the nonrow 
and column hyperplanes of an affine geometry of dimension d > 2 over F,. While 
Mullen did not explicitly raise the point, his equations prove that a complete set of 
MOFS can be derived from an affine geometry of dimension d 22. If this relation 
could be reversed then Bose’s equivalence would be generalized. Unfortunately this 
proves not to be the case, and in this paper we describe the construction of a complete 
set of MOFS that cannot be converted to an affine geometry. 
2. The construction 
In the frequency square F(n;ii,/12 ,..., i_,) the symbol i, i= 1,2 ,..., m repeats 
ii times in each row and column where CyE I &=n. We represent by ~(n; A) a 
square of type F(n; i, i, . . . . i). Two frequency squares F, (n; ii, i2,. . . , A,,,,) and 
F,(%P,,P,,..., p,,) are said to be orthogonal if each ordered pair (i, j ), i = 1,2,. . . , ml 
and j= 1,2,. , m2 occurs exactly ~i~j times when F 1 is superimposed on F,. A com- 
plete set of MOFS of type F(n; A) contains (n- l)‘/(n/i- 1) squares. Both the defini- 
tion of orthogonality and the size of a complete set generalize the latin case. Using 
a special case of the method used in [3] to form complete sets of MOFS from 
complete sets of MOLS, we describe the construction of a complete set of MOFS of 
type F( 125; 25) that cannot be converted to a geometry. 
Suppose the points 
1 2 3 4 5 
6 7 8 9 10 
11 12 13 14 15 
16 17 18 19 20 
21 22 23 24 25 
represent the points of Pi, an affine plane of order 5. Let lyj, i= 1,. . . ,6 and j= 1,. . ,5, 
be the jth line of Ci, the ith parallel class. Specifically, we will identify the parallel 
classes and the lines that constitute them as 
Ci={1,2,3,4,5 6,7,8,9,10 11,12,13,14,15 16,17,18,19,20 
21,22,23,24,25}, 
C,=jl,6,11,16,21 2,7,12,17,22 3,8,13,18,23 4,9,14,19,24 
5, 10, 15,20,25}, 
C3={lr7,13,19,25 2,8,14,20,21 3,9,15,16,22 4,1O,ll,l7,23 
5,6,12, 18,241, 
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Cq={l,8, 15, 17,24 2,9,11, 18,25 3,10, 12, 19,21 4,6, 13,20,22 
5,7, 14, 16,23}, 
Cg={1,9,12,20,23 2,10,13,16,24 3,6,14,17,25 4,7,15, 
5,8,11,19,22}, 
18,21 
&={l, 10,14, 18,22 2,6,15,19,23 3,7,11,20,24 4,8,12, 
5,9, 13, 17,21}. 
16,25 
We now construct four new planes, Pk+i, k= 1,2,3,4, parallel to Pr, with 
points p+25k where p=l,2,...,25 such that if 1(;:j=r1r2r3r4r5, i=1,...,6 and 
j=l ,...,5 is a line in PI then lf!,,j=rl+25k, r2+25k, r,+25k, r,+25k, rS+25k, is 
a line of Pk+i. The squares Si, i=l,..., 6 of Fig. 1 are 5 x 5 arrays in which each 
element is a line of five points. Specifically, the element in row k and columnj of array 
Si is the line II;,! where k, j= 1,. . ,5. Hence the five elements of row k in square Si 
are the five lines in parallel class i of plane Pk and together these five lines give all 25 
points in Pk. 
With the I$ k= 1 ,..., S,j=l,..., 5 as the elements, each square Si of order 5 can be 
partitioned 6 ways into parallel classes of 5 blocks of 5 elements such that any two 
nonparallel blocks share exactly one common element. 
As done in a general context in [3], we use these partitions to define the substitu- 
tions which will reduce any complete set of MOLS of order 125 to a complete set of 
MOFS of type F(125;25). To make the construction specific we may assume the 
MOLS are a desarguesian set. For the construction identify the points i= 1,2,. . . , 125 
of the five planes with the symbols i = 1,2,. , 125 of the MOLS. In general, to derive 
frequency squares of type F(125; 25) from latin squares of order 125, we need only to 
partition the set of symbols { 1,2,. . , 125) into five equal blocks and map these blocks 
onto the set { 1,2,3,4,5}. 
In order to obtain a complete set of MOFS from a complete set of MOLS of order 
125 by this process we use all the partitions of each of the Si. In each partition, one of 
the labels { 1,2,3,4,5} is identified with each of the five blocks. Then the 25 symbols 
corresponding to the 25 points making up the five elements of a given block are all 
converted to the label identified with that block. This operation is performed using 
every partition on each of the 124 MOLS. 
As pointed out above the 25 points contained in the 5 elements of row k = 1,. . . ,5 for 
any Si will be the points of plane P,. Hence the row partition for each Si will represent 
identical substitutions and give duplicate frequency squares. This leaves a total of 31 
distinct substitutions from the six partitions of the six Si’s. It is shown in [3] that the 
general method from which this construction is derived gives complete sets of MOFS, 
and in particular Theorem 1 which follows shows that the 124 x 31= 3844 MOFS of 
type F(125; 25) derived from 124 MOLS of order 125 by these substitutions will form 
a complete set. 
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260 C. Lqwinc 
For a given Si, the nonrow and column partitions are not unique. Suppose the 
partitions are chosen so as to include the following blocks. 
B, =1(rrr’1(2111(3:)1(:61$r~ is a block from S,; 
B,=#‘,j=l,..., 5 is a block from Sz; 
B,=I$‘,j=1,...,5 is a block from S,; 
B, = 1’;‘11:“: l’;‘d lyi 1:42) is a block from S4; 
B, =l:“:l$.~lc,52’lk”:i$5~ is a block from S,; 
B6=l\6)l$6~l:6:l~~l\~ is a block from Se. 
The blocks B,, . . . . B, are identified in Fig. 1. 
Theorem 1. The given construction gives a complete set qf MOFS ef’type F(125; 25). 
Proof. The common row class, together with the other five classes of each Si, 
i= 1, . . . . 6, give a total of 31 frequency squares derivable in the manner described 
above from a single latin square. There are 124 MOLS in a complete set of order 125 
each giving 31 frequency squares for a total of 3844, the correct number for a complete 
set of F (125; 25) squares. That every pair is mutually orthogonal follows essentially 
from Theorems 1 and 2 of [3]. We will sketch the details here. 
By Lemma 1 of [3], F1 and F,, two F(125; 25) squares derived from the same latin 
square will be orthogonal if for each symbol X, ‘CC= 1,2,3,4,5, in F, and fi, 
/I= 1,2,3,4,5 in F, the block mapped onto r and the block mapped onto /I have 
exactly five points in common. If the two blocks are from the same squares Si this must 
be true because they will have a common entry which is a line of five points. Suppose 
B, and B, are any two blocks, the first from Si and the second from Sj where i # j. Then 
B, is the union of points on 5 lines 
jy)i, l(i), p, j(i), j(i), 
, 3 2.12) 3,133 4,147 5.15 
and B, the union of points on 5 other lines 
1:j;,, l(iii2, l& lkj;4, I:‘;,. . 9 , 3 , 
For a given k, k=1,2,3,4,5 
1 lf,ji, n llj), 1 = 1 and IIf’. nl(j) . Lk m,j,I=O 
if k#m so that IB,nBI,)=5. 
Hence the 31 frequency squares of type F(125; 25) derived from a given latin square 
of order 125 are pairwise orthogonal. 0 
Lemma 2 of 133 extends the orthogonality to the 31 frequency squares of each of the 
124 latin squares in the complete set giving the required total of 3844 MOFS. This 
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follows simply by showing that two frequency squares are orthogonal if each is 
derived from one of a pair of orthogonal latin squares. 
Next we show that the specific set of MOFS constructed using blocks 
B,, Bz, B,, Bqr B,, B, cannot be equivalent to an affine geometry. 
Theorem 2. The complete set of 3844 MOFS of type F(125; 25) formed using suhstitu- 
tions which include blocks Bi, i= 1,. . ,6 do not ,form an aJfine geometry. 
Proof. AG(6,5) has: 
(1) 56 points. 
(2) 56+55+ . . . + 5 hyperplanes partitioned into 55 + 54 + ... + 1 parallel classes, 
each containing five members. 
(3) Two hyperplanes either are parallel or intersect at 54 points. 
See for example Dembowski [2, p. 741. 
Using the 125 x 125 positions in a F(125; 25) square we obtain the required 56 
points. 
In the latin case, the occurrences of each symbol in each square defines a line so that 
the parallel classes are determined by the rows, columns, and the symbols in a square. 
Similarly for frequency squares to be an affine space, hyperplanes will be defined by 
the occurrences of a symbol within a square together with appropriate collections of 
the rows and columns. Because these will be hyperplanes only if the set of MOFS is 
equivalent to an affine geometry, we will refer to them as pseudohyperplanes. The 
(56- 1)/(5- 1) partitions of the rows and columns together with the 3844 parallel 
classes of pseudohyperplanes from the symbols of the 3844 frequency squares gives the 
required number of 55 +54+ ... + 1=3906 parallel classes, each containing five 
pseudohyperplanes. 
We will consider the intersection of all such pseudohyperplanes containing a speci- 
fied two points. To be an affine geometry this intersection must be a line consisting of 
five points. 
We assume that the first row of each of the squares Li, i= 1,2,. . . , 124, in the original 
set of MOLS contains the symbols 1 to 125 in natural order. For the two points, select 
the positions p1 =(I, 1) and p2 =(.u, y) where p2 contains the symbol 1 in L1 and the 
symbol 32 in L,, one of the other members of the complete set of MOLS. 
Since p1 and pz both contain symbol 1 in L, no point not containing symbol 1 in 
L1 can be on the line joining p1 and pz. From Fig. 1 
ifiz Bi={ 1,323 63394,125). 
But 
Therefore when the substitutions are made to the symbols of L, and L, to decompose 
each of them into 31 orthogonal frequency squares, the intersection of all 
pseudohyperplanes containing pi and pZ will also contain at most the position 
occupied by symbol 1 in L, and symbol 63 in Lz. Since this is not a line of 5 points the 
structure is not AG(6,5). 0 
Comments. If we partitioned Si so that B, was replaced by 
which would be consistent with a line of 5 points joining pi and p2. This suggests two 
remarks. 
(i) Conversion of the frequency squares to an affine geometry cannot take place 
unless the partitions of the Si are done appropriately. Suppose we view the five planes 
Pk,k= l,..., 5 as five parallel planes in the affine geometry AG(3,5). Then (1) suggests 
that a necessary condition for the complete set of MOFS of type F(125; 25) to form the 
geometry AG(6,5) is that the blocks defining the substitutions giving the MOFS must 
themselves be equivalent to the hyperplanes of AG(3,5). 
(ii) Even though Bi, and therefore the partitions of S,, were not chosen consistently 
with those of the other squares Si, i = 2,. . . ,6 the pairwise orthogonality was main- 
tained. This can be inferred from the observation that Bi n Bi = 5 for i = 2,3,4,5,6. In 
other words, the overall structure of an affine geometry was undermined without 
affecting the pairwise orthogonality of the members of the complete set. 
The same strategy for constructing a nongeometry set of MOFS could be carried 
out for any prime p > 5. In this case one would obtain squares Si, i = 1,2,. . . , p + 1 from 
which appropriate blocks of substitutions could be selected. Essentially, this means 
that to obtain the required MOFS of type F( p3; p2) from a complete set of MOLS of 
order p3, let the substitutions correspond to the parallel blocks of size p2 of an affine 
resolvable design on p3 elements provided the design is non-isomorphic to the 
geometry AG(3, p). 
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